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Abstract
We investigate the statistical properties of the fluctuations of the phase interfaces that separate two phases of
the two-dimensional lattice Widom–Rowlinson model. When the chemical potential µ of the W–R model is large
enough, we discuss the probability distributions which describe the fluctuations of the phase interfaces, and show
the corresponding central limit theory for the two-dimensional lattice W–R model.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
In this work, we consider the two-dimensional lattice Widom–Rowlinson model (see [1]) on the
rectangle ΛL ,M , where ΛL ,M = [1, L − 1] × [−M, M] ⊂ Z2. Suppose that the particles in ΛL ,M
are of two types, and there is strong repulsive interaction between particles of the different types. Let
σ denote a configuration of {−1, 0,+1}ΛL ,M , where σ(x) = +1 denotes that the site x is occupied by
an A-particle, σ(x) = −1 denotes that x is occupied by a B-particle and σ(x) = 0 denotes that there
is no particle at x . We say that a configuration σ is feasible if σ(x)σ (y) ≥ 0 for all pairs x, y ∈ Z2
with |x − y| ≤ √2, where | · | denotes the Euclidean distance. Let ΩL ,M denote the set of all feasible
configurations in ΛL ,M , so there is a finite diameter hard-core exclusion between the A and B particles
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on ΩL ,M . The Hamiltonian of the Widom–Rowlinson model is given by
HL ,M(σ ) = −
∑
x∈ΛL ,M
µ(σ(x)2 − 1), (1)
for all σ ∈ ΩL ,M , where µ denotes the chemical potential. Let θ ∈ (−π/2, π/2) be fixed and assume
that M > L tan θ . We define a boundary condition ωθ such that
ωθ(x) =


+1, if x2 > x1 tan θ,
0, if x2 = x1 tan θ,
−1, otherwise,
(2)
for every x = (x1, x2) ∈ ∂ΛL ,M = [0, L] × [−M − 1, M + 1] \ ΛL ,M , and x1 tan θ denotes the
integer part of x1 tan θ . Let ΩθL ,M denote the corresponding configurations σ in ΩL ,M with the boundary
condition ωθ , such that the configuration σ × ωθ∂ΛL ,M is feasible, where σ × ωθ∂ΛL ,M (x) = σ(x) for
x ∈ ΛL ,M and σ × ωθ∂ΛL ,M (x) = ωθ(x) for x ∈ ∂ΛL ,M . For a fixed configuration σ ∈ ΩθL ,M , let S0(σ )
denote the set of points in ΛL ,M such that σ takes the value 0. The connected components of S0(σ ) are
called contours. Among these contours, there is a contour Γ (σ ) (called the interface) with the starting
point (0, 0) and the end point (L , L tan θ); let SθL ,M = {Γ (σ ); σ ∈ ΩθL ,M }. The conditional Gibbs
distribution on ΩθL ,M with the boundary condition ωθ is given by
PθL ,M(σ ) = (Z θL ,M)−1 exp{−µ|S0(σ )|}, (3)
where |S| denotes the cardinality of a set S, and Z θL ,M is the partition function.
The first aim of this work is to study the interfaces between the two coexisting phases of the W–R
model. According to the system of the W–R model, the width of the intermediate layer (the interface
Γ ) between the two phases is expected to become thinner as µ becomes larger, so we believe that the
interfaces for the W–R model behave like the Ising model interfaces. The lattice system interfaces in two
dimensions are known to fluctuate widely; for example, see [1] for the W–R model and [2] for the Ising
spin system. In the paper [1], under some special conditions for the interfaces (with specified values of
the area enclosed below interfaces and the height difference of two end points) and µ large enough, the
authors proved the weak convergence of the probability distributions describing the fluctuations of such
interfaces to a certain conditional Gaussian distribution.
The purpose of the present work is to discuss the statistical properties of the interfaces Γ for the W–R
model when the chemical potential µ is large enough. The result of this work is similar to that for the
Ising model in [2], and some of our analysis is based on the work of Higuchi et al. [1] and Hryniv [2].
According to the definition of the interfaces in the W–R model, the interface Γ is an intermediate
layer between the two phases, whereas the interface of the two-dimensional Ising model is an open
polygon passing through the points (0, 0) and (L , L tan θ). First, we define a backbone π(Γ ) of Γ to
represent Γ , that is, among self-avoiding paths connecting the starting point (0, 0) with the end point
(L , L tan θ) in Γ , we select a self-avoiding path (called the backbone π(Γ )) by means of an “order”
given in the following definition (5). Since the backbone π(Γ ) is also an open polygon, through π(Γ ) we
can compare the interfaces of the W–R model with the interfaces of the Ising model. Second, we prove
that the asymptotical behavior of the backbone π(Γ ) can represent that of the corresponding interface Γ
at large values of µ; this means that the statistical properties of the interface Γ are similar to those of its
backbone π(Γ ). In this part, the cluster expansion for the W–R model is discussed. From the definition of
π(Γ ), we define its polymer and polymer chains, and develop a new polymer representation of the W–R
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model partition function and obtain certain estimates for the polymer weights. Third, we discuss the
weak convergence of the probability distributions which describe the fluctuations of the W–R interfaces
Γ .
2. Notation and results
In this section, we define the backbone π(Γ ) of the interface in the W–R model and state the main
result of this work. The definitions and notation for polymers of the W–R model are complicated; for the
details see [1]. Let SθL = ∪M>0 SθL ,M ; we define the set of self-avoiding paths in Γ as
ΠΓ = {π : self-avoiding path in Γ connecting (0, 0) with (L , L tan θ)}. (4)
Among these paths, we select a self-avoiding path according to the following order; the order is defined
with preference among four directions:
up > down > right > left. (5)
To be more precise, let πx = {x1, x2, . . . , xn} and πy = {y1, y2, . . . , ym} be two self-avoiding paths in
Γ . Let k = mini≥1{i : xi 	= yi} be the first number i such that xi 	= yi . We define πx > πy if the
direction of the ordered edge {xk−1, xk} is preferred to the direction of the ordered edge {yk−1, yk}. Let
π(Γ ) be the unique maximal element of ΠΓ with respect to this order, and call π(Γ ) the backbone of Γ .
In this work, as stated in the introduction, our study is mainly on the backbone of the phase separation
layer.
Let C1, C2, . . . , Cn be the different connected subsets of ΛL ,M ; we say that the subsets {C j } are
compatible if they are connected components of the set ∪1≤ j≤n C j . We also say that {C j } are compatible
with a connected set G if {G, C j } are compatible for every 1 ≤ j ≤ n. Next we define the hole of a
connected set of Z2; we say that a set D ⊂ Z2 is ∗connected if for every x, y ∈ D, there exists a
sequence x = z0, z1, . . . , zn = y in D such that |zi − zi−1| ≤
√
2 for every 1 ≤ i ≤ n. A hole of a
connected set F ⊂ Z2 is a finite ∗connected component of Fc = Z2 \ F . Therefore the partition function
Z θL ,M defined in (4) can be rewritten as follows:
Z θL ,M =
∑
Γ∈SθL ,M
∑
{C j }
2N(Γ ) exp{−µ|Γ |}
∏
j
(2N(C j ) exp{−µ|C j |}), (6)
where the second summation is taken over compatible families {C j }, which are compatible with Γ , |Γ |
is the number of points in Γ and N (Γ ) is the number of holes in Γ—similar to |C| and N (C). Then for
some large µ1 > 0 and µ > µ1, according to the theory of the cluster expansions (see [3]), we have
Z θL ,M/Z
+
L ,M =
∑
Γ∈SθL ,M
exp

−µ|Γ | + N (Γ ) ln 2 −
∑
Λ⊂ΛL ,M :ΛiΓ
Φ(Λ)

 , (7)
where Z+L ,M denotes the partition function with the plus boundary condition, ΛiΓ denotes that the set Λ
is incompatible with the interface Γ and Φ(Λ) is a translation invariant function. Moreover, there exists
0 < µ2 < ∞ such that, for all µ > µ2,
lim
M→∞ Z
θ
L ,M/Z
+
L ,M =
∑
Γ∈SθL
exp

−µ|Γ | + N (Γ ) ln 2 −
∑
Λ⊂ΛL ,∞:ΛiΓ
Φ(Λ)

 , (8)
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whereΛL ,∞ = [1, L−1]×(−∞,∞)∩Z2, and W (Γ ) = exp{−µ|Γ |+N (Γ ) ln 2−∑Λ⊂ΛL ,∞:ΛiΓ Φ(Λ)}
is called the weight of the partition function. Next we give the definition of the surface tension for the
W–R model as follows:
τ (θ) = − lim
L→∞ limM→∞
cos θ
µL
ln
Z θL ,M
Z+L ,M
. (9)
The paper [4] showed the existence of above limit when µ is large enough.
For Γ ∈ SθL , we consider the segment lL from the starting point (0, 0) to the end points (L , L tan θ)
of the line x2 = (tan θ)x1. For the segment lL , we divide it into L 12  parts, and let 0, x1, x2, . . . , xL 12 
denote the end points of these parts on the segment lL ; here xi = (x1i , x1i tan θ), and x1i = i L/L
1
2 , for
i ∈ {1, 2, . . . , L 12 }. Then for any point xi ∈ lL , denote by ni(x1) the line normal to lL at the point xi :
ni(x
1) = −x1 cos θ + 2i L/(L 12  sin 2θ). (10)
The normal line ni(x1) may intersect the backbone π(Γ ) at several points, for all Γ ∈ SθL . So, there is
an uppermost intersecting point along the normal line ni(x1) for 1 ≤ i ≤ L 12 ; denote its abscissas by
x1i (u). Suppose that a = 1/ cos θ , and let {XuL(t); t ∈ [0, a]} = {XuL(t;Γ ); t ∈ [0, a]} be the “upper”
random process such that
XuL(ia/L
1
2 ) = (x1i − x1i (u))
/(√
L sin θ
)
, for i ∈ {1, . . . , L 12 }, (11)
and let {XuL(t); t ∈ [0, a]} denote the piecewise linear interpolation of the values XuL (ia/L
1
2 ) for
1 ≤ i ≤ L 12 . The aim of this work is to investigate the fluctuations of the interfaces Γ in the direction
orthogonal to the line x2 = x1 tan θ in R2; in more detail, we discuss the limiting properties of the
continuous random processes XuL(t)(t ∈ [0, a]) as L → ∞.
Theorem. Let Γ ∈ SθL and XuL(t) be defined as above; then there exists 0 < µ0 < ∞ such that for
µ > µ0, the probability distributions of the random processes XuL (t)(t ∈ [0, a]) converge weakly to the
corresponding distribution of
Y u(t) =
(
B(t) − t
a
B(a)
)/√
µ(τ(θ) + τ ′′(θ)), t ∈ [0, a], (12)
where {B(t)}t≥0 is the one-dimensional standard Brownian motion, and τ (θ) is the surface tension for
the W–R model.
3. Strategy of the proof
We proceed with the proof in three steps as follows.
Step 1. According to the theory of cluster expansions (see [1]), we rewrite the partition function
Z θL ,M/Z
+
L ,M of the W–R model in the form of (7) and (8) at large values of µ. We define a backbone
π(Γ ) of Γ by means of a special order, and then define the polymer and the polymer chains of the
interfaces. These definitions are given by considering the properties of the partition function for the
W–R model, so they are not same as the corresponding definitions of the Ising model. Through using
these definitions, we develop the polymer representation of the W–R model partition function. This part
is parallel to the work of Section 2 in [1]; for details see [1].
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Step 2. By using the polymer representation of the partition function, we give an estimate for the free
energy of the height of the last end point of Γ . For an interface Γ ∈ ∪θ∈(−π/2,π/2) SθL , we only fix the
starting point (0, 0) of Γ and denote by (L , k(Γ )) the end point of Γ . For some δ > 0, a complex number
ζ ∈ C and some large value µ, we show the existence of the following limit (Lemma 2.1 in [1]):
ϕ(ζ ) = lim
L→∞
1
L
ln
∑
Γ∈SL
eµζk(Γ )W (Γ ), (13)
which is called the free energy of the height of the interface Γ , and the function ϕ(ζ ) is analytic in ζ ∈ C
if the real part Re ζ < 1 − δ/µ. The limit (13) depends heavily on the polymer representation of the
W–R model partition function and the theory of the cluster expansions. At the same time, the technique
whereby the asymptotical behavior of the backbone π(Γ ) can represent the corresponding interface Γ
at large values of µ is used. Furthermore, according to Lemma 3.1 in [1], for an integer 1 ≤ m ≤ L − 1
and µ large enough, there is a constant C > 0 such that
E [e 12 d(ξ(m)) | k(Γ ) = L tan θ] ≤ C, (14)
where ξ(m) is the unique polymer whose base contains m and d(ξ(m)) is a function of the polymer ξ(m)
(see the definitions in Section 2 in [1]). (14) plays an important role in proving the weak compactness
of the probability distributions of the random process considered and estimating the difference between
two random process YˆL(t) and XuL (t) (see (17)). Let Γ ∈ SθL ; we define the ‘height’ of the backbone
π(Γ ) at x1 = m as
X L (m,Γ ) = max{k ∈ Z; (m, k) ∈ π(Γ )}, 1 ≤ m ≤ L − 1
X L (s) = (m + 1 − Ls)X L(m,Γ ) + (Ls − m)X L (m + 1,Γ ), m ≤ Ls ≤ m + 1
for s ∈ [0, 1]. On the basis of the work of [1] (especially Theorem 2.9 in [1]), for the W–R model we
can show a similar result to that of Proposition 4.5 in [2], that is, there is a ζ0 satisfying ϕ′(ζ0) = µ tan θ ;
then the probability distributions of the process YL(s) = (X L(s)− X L (1)s)/
√
L converge weakly to the
corresponding distribution of
Y (s) = 1/µ√ϕ′′(ζ0)(B(s) − s B(1)), s ∈ [0, 1]. (15)
Here, {B(t)}t≥0 is the one-dimensional standard Brownian motion. In the proof of (15) we study
the characteristic function of the random vector for the random process YL(s), and show that this
characteristic function converges to the characteristic function of the Brownian bridge; see Theorem
2.9 in [1].
Step 3. We discuss the convergence of the finite dimensional distributions for the random process
XuL (t). We set up a new random process YˆL(t) = YL(t cos θ) cos θ , for t ∈ [0, a]. By (15) and following
the proof of Lemma 5.2 in [2], for the W–R model, the probability distributions of process YˆL(t)
converge weakly to the corresponding distribution of
Y u(t) =
(
B(t) − t
a
B(a)
)/√
µ(τ(θ) + τ ′′(θ)) . (16)
Next we prove that the probability distributions of the ‘upper’ random process XuL (t) considered also
converge weakly to the corresponding distribution of Y u(t). In view of the Proof of Theorem 1 in [2],
we need to show that
sup
t∈[0,a]
|YˆL(t) − XuL (t)| → 0 (17)
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for the probability distribution as L → ∞. From (14)–(16), the limit (17) could be established for the
W–R model by a literal repetition of the of Proof of Theorem 1 in [2]. Finally, we need to show the weak
compactness of the probability distributions of the random process XuL(t); this can be proved according
to Theorem 8.2 in [5] and the Proof of Theorem 1 in [2]. This completes the proof of the theorem.
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